Mathematica 11.3 Integration Test Results

Test results for the 453 problems in "7.2.4a (f x)"m (d-c*2 d x"2)*p
(a+b arccosh(c x))*n.m"

Problem 33: Result more than twice size of optimal antiderivative.

a + b ArcCosh[c x]
J dx

x (d-c?dx?)

Optimal (type 4, 61 leaves, 7 steps):
2 (a+bArcCosh[cx]) ArcTanh [@2ArcCoshicx] |

d
b PolyLog [2, _ @2ArcCosh[cx] ] b PolyLog {2’ @2 ArcCosh[cx] }

2d 2d

+

Result (type 4, 124 leaves):

1
- —(-2bArcCosh[cx] Log[1+ e 2Arccoshicx] ], 2 p ArcCosh[c x] Log[1 - e Arecoshiex]] 4
2d

2b ArcCosh[cx] Log[1+eArecoshlcx]| _ 23 10g[x] +alog[l-c?x?]| +
b PolyLog [2, _e—ZAr'cCosh[c x] ] _2b PolyLog [2, _ e—Ar‘cCosh[c x] ] _2b PolyLog [2, e—ArcCosh[c X] } >

Problem 42: Result more than twice size of optimal antiderivative.

a+bArcCosh[c x]
J dx

X (d—czdxz)2

Optimal (type 4, 116 leaves, 9steps):

bcx a+bArcCosh[cx] 2 (a+bArcCosh[cx]) ArcTanh|e2Arccoshicx] ]
2d2/-1+cx V1+cx : 2d2(1—c2x2> ’ 42 -
bPolyLog[2, -e2ArcCoshicx] | ppolylog|2, e2Arccoshicx] ]
24d? i 2 2

Result (type 4, 243 leaves):
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b -1l+cx b ¢ x -l+cx
1 b -1+cx 1rex lrex 2a b ArcCosh[cx] bArcCosh[cx]
— |- + + - + + +
4 d2 l+cx 1-cx 1-cx ~1+c?x? 1-cx 1+cxXx

4bArcCosh[cx] Log |1+ e 2Arccoshiex] | _ 4 p ArcCosh[c x] Log[1 - e Arecoshiex]] _
4bArcCosh[cx] Log[1+eArecoshlexl] . 43 L0og[x] -2alog[1l-c*x?] -

2bPolylog|2, —e2ArCoshicex] |+ 4 b Polylog |2, —e A™Coshicx]| + 4 b Polylog|2, e Arecoshicx] ]

Problem 118: Unable to integrate problem.

a+bArcCosh[cx]
J dx

(d-c2dx?)*?

Optimal (type 3, 84 leaves, 3 steps):

x (a+bArcCosh[cx]) b~/-1+cx V1+cx Log[l-c?x?
d+d-c?dx? 2cd/d-c?2dx?

Result (type 8, 26 leaves):
Ja + b ArcCosh[c x]

(d-c2dx?)*?

dx

Problem 120: Unable to integrate problem.

a +bArcCosh[cx]
J dx

x2 (d—czdx2)3/2

Optimal (type 3, 159 leaves, 5steps):

a+bArcCosh[cx] 2c?x (a+bArcCoshlcx])
_ . _

dx+d-c2dx? dVd-c?dx?
bcv-1+cx Vi+cx Log[x] becy/-1+cx V/1+cx Log[l-c?x?]
dvd-c?2dx? 2d+/d-c2dx?

Result (type 8, 29leaves):
a +bArcCosh[cx]
J dx

x2 (d-c2dx?)*?
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Problem 122: Unable to integrate problem.

a+bArcCosh[c x]
J dx

x4 (d-c2dx?)??

Optimal (type 3, 250 leaves, 6 steps):

bcv/-1+cx vV1+cx a+bArcCoshfcx]

6dx2+d-c?dx? 3dx3+/d-c?2dx?

4c? (a+bArcCosh[cx]) 8c*x (a+bArcCoshlcx])

+ —

3dxVd-c?dx? 3d+/d-c2dx?
5bc3y/-1+cx V1+cx Log[x] bec2vV-1+cx V1+cx Log[l-c?x?]
3d+/d-c2dx? 2d~/d-c2dx?

Result (type 8, 29 leaves):
a + b ArcCosh[cx]
J dx

x4 (d—czdx2>3/2

Problem 127: Unable to integrate problem.

sz (a+bArcCosh[cx])
dx

(d-c2dx?)®?

Optimal (type 3, 160 leaves, 5steps):

bv/-1+cx V/1+cx

6 c3 d2 (l—czxz) vVd-c2dx?

+

x3 (a+bAr‘cCosh[cx]) b/-1+cx V1+cx Log[l—czxz]
+
3d? (1-cx) (1+cx) Vd-c2dx? 6c3d2+/d-c2dx?

Result (type 8, 29leaves):

sz (a+bArcCosh[cx]) .
X

(d-c2dx?)>?

Problem 129: Unable to integrate problem.

a+ b ArcCosh[c x]
J dx

(d-c2dx?)®?

Optimal (type 3, 189leaves, 5steps):
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bv-1+cx V1+cx 2x (a+bArcCosh[cx])
+
6cd2(1—c2x2)\/d—c2dx2 3d2+/d-c2dx?
x<a+bAr‘cCosh[cx}> b/-1+cx V1+cx Log[l—czxz]

3d? (1-cx) (1+cx) Vd-c?2dx? 3cd?+vd-c2dx?

+

Result (type 8, 26 leaves):
Ja +b ArcCosh[c x]

(dfczdxz)s/2

dx

Problem 131: Unable to integrate problem.

a+bArcCosh[cx]
J dx

x2 (d—czdxz)S/2

Optimal (type 3, 279 leaves, 6 steps):

bcv/-1+cx V1+cx 8 c?x (a+bArcCosh[cx])
+

6d? (1-c?x?) Vd-c?dx? 3d2+/d-c?2dx?
a+bArcCosh[cx] 4c?x (a+bArcCosh[cx])

+ —

d?x (1-cx) (1+cx)Vd-c?dx? 3d*(1-cx) (1+cx)Vd-c?dx?
bc/-1+cx VI+cx Log(x] 5bcy/-1+cx V1+cx Log[l-c?x?]
d?+/d-c?dx? 6d>+/d-c?dx?

Result (type 8, 29leaves):
a +bArcCosh[cx]
J dx

x2 (d—czdxz)s/2

Problem 133: Unable to integrate problem.

a +bArcCosh[c x]
J dx

x4 (d—czdx2>5/2

Optimal (type 3, 383 leaves, 6 steps):

bcV/-1+cx V/1+cx . bc3/-1+cx V1+cx X
6d2x2/d-c2dx? 6d? (1-c2x)\/d-c2dx?
16 c* x (a +b ArcCosh|c x]) a +bArcCosh[cx]
3d2/d-c2dx? 3d2x3 (1-cx) (1+cx) Vd-c2dx?
2c? (a+bArcCosh[cx]) 8 c*x (a+bArcCosh[cx])

+

dzx(l—cx) (1+cx) Vd-c2dx? 3d? (l—cx) (1+cx) Vd-c?dx?
8bc*y/-1+cx V1+cx Log(x] 4bc3V/-1+cx /1+cx Log[l-c2x?]

3d?+/d-c?dx? 3d?2+/d-c?dx?
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Result (type 8, 29 leaves):
a + b ArcCosh[cx]
J dx

x4 (d—czdx2>5/2

Problem 143: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(fx)*? (a+bArcCosh[cx])
J dx
1-c?2x?

Optimal (type 5, 111 leaves, 2 steps):

2 (fx)°'? (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[%, 45, Z—, c? x?|

1
.
5f 35f2+/1-c2x?
Vo _ 7 7, .9 11
4bc (fx)”?+/-1+cx /1+cx HypergeometricPFQ[{1, —, ~}, {=, =}, ¢?x?]
4 4 4 4

Result (type 5, 230leaves):

1
. 1 . . . . A<
1 24ia [1- e \/;ElllpthF[lAf‘CSlnh[ N ], —1}
fvVfx
36 c2+/1-c?x? / 1
C

-1l+cx

+

8 (1l+cx) |-3a+3acx-2bcx +3b (-1+cx) ArcCosh[cx] -

1+cxXx

-1l+cx

(1+cx) HypergeometricPFQ| {
1+cx

| 5
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Problem 144: Result unnecessarily involves imaginary or complex numbers.

J(f x)*'? (a+bArcCosh[cx])

dx
Vd-c?dx?
Optimal (type 5, 141 leaves, 2 steps):

1 5/2 2,2 . 1 5 9 2,2
——————2 (fx] 1-c?x?* (a+bArcCosh[cx]) Hypergeometric2F1| =, =, =, c2x?] +
5f+d-c?dx? 2 4 4

7/2 . 7 7 9 11 -
(4bc (Fx)"?/-1+cx V1+cx Hyper‘geometr‘lcPFQHl, = {5 =}, ?x ] /
4 4 4 4

[35f2x/d—c2dx2

Result (type 5, 241 leaves):
1

36 c2~/d-c2dx? Gamma|> | Gamma |’ ]

El A
4 4

3ia_[1- 35 /x EllipticF[i ArcSinh| - ], -1]
5 7 N x x
f~/fx |8Gamma[ =] Gamma| ]|
4 4

+3b (-1+cx) ArcCosh[cx] -

o

ﬁ

-1+cx

<1+cx) -3a+3acx-2bcx
l1+cx

. 3 5 2
3b (-1+cx) ArcCosh[c x] Hypergeometric2F1[ =, 1, =, c*x*| || +
4 4

-1l+cx
342 bcx : (1+cx) Hyper‘geometr‘icPFQH
1+cx

J

Problem 145: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx’“ (d—czdxz)3 (a+bArcCosh[cx]) dx
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Optimal (type 5, 389 leaves, 8steps):
bcd® (2271 +1329m+284m? + 27 m + m*) x> (1 - c?x?)
N

(3+m)? (5+m2 (7+m2~/-1+cx /1+cx
ch d3 X6+m (1—C2 X2>
N

bc3dd (9+m) (13+2m) x4+m (1-c2x2)

(7+m2+/-1+cx V1+cx

(5+m2 (7+m2+/-1+cx V1+cx
3c¢*d® x> (a+bArcCosh[cx])

3c2d® " (a+bArcCosh[cx])

d®x**" (a+bArcCosh[cx])
_ N _
1+m 3+m 5+m
c®d*x7*" (a+bArcCosh[cx])
- [3bcd® (2161 +1813m+455m* + 35m°)
7+m
2em P A 1 2+m 4+m 2
XA/l -c X Hyper‘geometr‘1c2F1[f, B , C x}
2 2 2
((1+m) (2+m) (3+m)? (54m? (7+m2y/-1+cx \/1+cx)
Result (type 6, 3418 leaves):
ad3 X1+m 3aC2d3X3+m 3ac4d3X5+m ac6d3x7+m 1 3
- + - +—bd’x" (cx)™"
1+m 3+m 5+m 7 +m C
1 1 3 1
- 12 (cx)" [\/—1+cx V1+cx AppellF1[—, -m, - =, =, 1-cx, — (1-cx) | /
1+m 2 2 2 2
1 1 3 1 3
[6Appe11F1[—,—m,——, =,1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1[ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, = (1-cx) ]| +AppellF1[=, -m, =, =, 1-cx, — (1-cX)]| J—
2 2 2 2 2 2 2

-1+cXx

(1-cx)]|/

N |

1 1 3
AppellFl[f, -m, —, —, 1-cx,
2 2 2

l1+cx
1 1 3 1 3 1
6 AppellF1[—, -m, —, =, 1-cx, — (1-cx)]+ (-1+cX) (4mAppe11F1[—, 1-m, =,
2 2 2 2 2 2
5 1 3 3 1
~,1-cx, = (1-cx)|-AppellF1[=, -m, =, =, 1-cx, — (1-cX)]| ] +
2 2 2 2 2 2
¢ x) " ArcCosh[c x 1
(€x) [cx] -3bcd®x*" (cx) 2" |- 4 (cx)"
1+m 3+m
1 1 1
[3\/—1+cx V1+cx AppellFi[ =, -m, - —, f,l—cx,f(l—cx)]/
2 2 2 2

1 1 3 1 3
(6Appe11F1[f, -m, -—, =, 1-cx, — (1—cx” + (—1+cx) 4mAppellF1[g, 1-m,
2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, — (1—cx)] +AppellF1[ =, -m, =, =, 1-cX, — (1—cx)]
2 2 2 2 2 2 2

),
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-1+cCcxXx 1 1 3 1
3 AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] /
1+cCcXx 2 2 2 2

1 1 3 1 3 1
(GAppellFl[—, -my, =, =, 1-cx, = (1-cx) ]+ (-1+cx) [4mAppellF1[=, 1-m, —,
2 2 2 2 2 2
5 1 3 3 5 1
=, 1-cx, = (1-cx)]-AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] )+
2 2 2 2 2 2
1

(—1+cx)3/2\/1+cx

3
(SAppellFl[f, -m, - =,
2

3 1 5 1
[BOAppellFl[f, -my, -—, —,1-cx, —
2 2 2 2

) )

9
2

N |

1-cx, (1—cx)]

+3bc3d3x*M (cx) 4

N |

) (c x)3*™ArcCosh[c x]
+
3+m

1
5+m

1 1 3 1
(12 (ex)"V-1+cx V1+cx AppellFi[=, -m, - =, =, 1-cX, — (1—cx)]
2 2 2 2

/

1 1 3 1 3
[6AppellF1[f, -m, -—, —,1-cx, — (1—cx)] +(-1+cx) 4mAppellFl[ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
=, =,1-cx, — (1—cx” +AppellF1[f, -m, =, =, 1-cx, — (1—cx”)) -
2 2 2 2 2 2 2
-1+cx 1 1 3 1
12 (cx)" AppellF1[ =, -m, =, =, 1-cx, — (1-cXx)] /
1+cx 2 2 2 2

1 3
[6Appe11F1[—,—m, , Tsl-cx, = (1-cx)]+
2 2
[

N | =

| w

1-m, —,

N RN R

5 1
4m (-1+cx) AppellF1] -, —,1-cx, = (1-cx)]-
2 2 2
3 3 5 1
(-1+cx) AppellFl[ =, -m, =, =, 1-cX, — (1—cx)]
2 2 2 2

+

(40 (cx)™ (—1+cx)3/2\/1+cx AppellFl[E, -m, —l, E, 1-cx, 1 (1—cx)]
2 2 2 2

/

5
4 m AppellF1 [ —5 1-m,
2

,1-cx, = (1-cx)]+3(-1+cX)

)

3
[30 AppellF1 [ —, -m, —
2

N |

N u
N R
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1 7 1 5 1 7 1
-=, =, 1-cx, = (1-cx) | +AppellF1[=, -m, =, —, 1-cx, — (1-cX)]| J+
2 2 2 2 2 2 2
(112(cx)m<—1+cx)5/2\/1+cx AppellFl[E, —m,—l, Z,l—cx,l(l—cx)]/
2 2 2 2
5 1 7 1 7
[70Appe11F1[—, -m, - =, =, 1-cx, = (1-cx)]+5(-1+cx) [4mAppellF1[—, 1-m,
2 2 2 2 2
1 9 1 7 1 9 1
-=, =, 1-cx, = (1-cx) | +AppellF1[—, -m, —, —,1—cx,—(1—cx)}))+
2 2 2 2 2 2 2
] "2 7 19 1
(108(cx) (-1+cx)”?V1+cx AppellFl[E, —m,—;, E,l—cx,g(l—cx)]/
7 1 9 1
[7 [18AppellF1[f, -my, - =, =, 1-cx, = (1-cx) ]+
2 2 2 2
9 1 11 1
(-1+cx) [4mAppellF1[ =, 1-m, - —, —, 1-cx, — (1-cx)]+
2 2 2 2
9 1 11 1
AppellF1[ =, -m, =, —, 1-cx, *(1—CX>} )]+
2 2 2 2
o2 9 1 11 1
(44(cx)"‘(—1+cx) V1+cx AppellFi[ =, -m, - =, —, 1 cx,f(l—cx)]/
2 2 2 2
9 1 11 1
[9 [22Appe11F1[f, -m, - —, f,l—cx,f(l—cx)]+(—1+cx)
2 2 2 2
11 1 13 1 11 1
4mAppellFl[—, 1-m, - =, —, 1-cx, — (1—cx” + AppellF1[~—, -m, —,
2 2 2 2 2 2

13
—, 1-cx,

%(1—cx”

IiE

(€ x)°>*™ArcCosh[c x]

_ ch d3 X6+m (c x) -6-m
5+m

3

- (12(cx>m\/—1+cx V1+cx AppellFl[l, —m,—l, f,l—cx,l(l—cx)]/
7+m 2 2 2 2
1 3 1 3
[6AppellF1[f, -my, - =, =, 1-cx, = (1-cx) |+ (-1+cx) [4mAppellFl][ =, 1-m,
2 2 2 2 2
1 5 1 1 5 1
-=, =, 1-cx, = (1-cx)| +AppellFi[ =, -m, —, 7,1—cx,7(1—cxH)J—
2 2 2 2 2 2
-1+c 1 3 1
12 (cx)" AppellFl[ =, -m, =, f,l—cx,f(l—cxﬂ/
1+cx 2 2 2
1 1 3
[6Appe11F1[—, -my, =, —,1-cx, — (1-cx)]+
2 2 2 2
3 1 1
am (-1+cx) AppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)]-
2 2 2
5

3
(-1+cx) AppellF1[ =, -m,
2

3 1
(60 (cx)m (—1+cx)3/2\/1+cx AppellF1[ =, -m, - —
2

3
[30 AppellF1 [ —, -m, —
2

N |

)

N u

,1-cx,

N |

5
)7)1_
2 2

/

5
4 m AppellF1 [ — 1-m,
2

cx,%(l—cx)]

(1-cx)]+3(-1+cXx)




10 | Mathematica 11.3 Integration Test Results for 7.2.4a (f x)~m (d-c~2 d x~2)~p (a+b arccosh(c x))~n.nb

1 7 1 5 1 7 1
-=, =, 1-cx, = (1-cx) | +AppellF1[=, -m, =, —, 1-cx, — (1-cX)]| J+
2 2 2 2 2 2 2
(252 x)" (- 1+cx)5/2\/1+cx AppellFl[E, —m,—l, Z,l—cx,l(l—cx)]/
2 2 2 2
5 1 7 1 7
(70AppellF1[— -m, - =, =, 1-cx, = (1-cx)]+5(-1+cx) [4mAppellF1[—, 1-m,
2 2 2 2 2
1 9 1 1 9 1
-, Ty 1l-cx, = (1-cx) ]+ AppellFl{ -m, =, —,1—cx,—(1—cx)}))+
2 2 2 2 2 2 2
(468(cx)’“( 1+cx)7/2\/1+cx AppellFl[ ,—1, 2,1—cx,1(1—cx)]/
2 2 2 2
7 1 9 1
(7 [18Appe11F1[f, -my, - =, =, 1-cx, = (1-cx) ]+
2 2 2 2
9 1 11 1
(-1+cx) [4mAppellF1[ =, 1-m, - —, —, 1-cx, — (1-cx)]+
2 2 2 2
9 1 11 1
AppellFl[ =, -m, —, f,l—cx,f(l—cxH J]+
2 2 2 2
9 1 11 1
(484((: ) (—1+cx) V1+cx AppellFl[; g, ?,1 cx,;(l—cx”/
9 1 11 1
(9 [22Appe11F1[f, -m, -—, —,1-cx, — (1—cx)] +
2 2 2 2
11 1 13 1
(-1+cx) 4mAppellFl[~—, 1-m, - —, —, 1 cx,f(l—cxHJr
2 2 2 2
11 1 13 1
AppellFl[~—, -m, =, —, 1-cX, 7(1—cx)] ])+
2 2 2 2
(260(c ym (1+cx)1l/2\/1+cx AppellFl[E m,—l, E,l cx,l(l—cxH/
2 2 2 2
11 1 13 1
(11 (26Appe11F1[—, -my, - =, 1-cx, = (1-cx) ]+
2 2 2 2
13 1 15 1
(-1+cx) 4mAppellFl[~—, 1-m, - —, —, 1 cx,f(l—cxHJr
2 2 2 2
13 1 15 1
AppellFl[—, -m, =, —, 1-cX, —(1—cx)] ])+
2 2 2 2
(Ge(c )" (-1+ex)P 1 ex AppellFl[E m,fl, E,l cx,l(lfcx)]/
2 2 2 2

13 1 15 1
(13 (30AppellF1[—, -my, - =, 5, 1-cx, = (1-cx) ]+

2 2 2

15 1 17 1
(-1+cx) |[4mAppellF1[—,1-m, - =, —,1-cx, — (1-cx) ]+

2 2 2 2

15 1 17 1 (c x)7*™"ArcCosh[c x]

AppellF1[—, -m, =, —, 1-cx, — (1-cx]] ]) +
2 2 2 2 7+m

Problem 146: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Jx"‘ (d—czdxz)2 (a+bArcCosh[cx]) dx

Optimal (type 5, 277 leaves, 7 steps):
bcd? (38+13m+m?) x**™ (1-c?x?)
(5+m)2+v/-1+cx V1+cx

(3+m)2 (5+m2+v/-1+cx V1+cx
2c2d? " (a+bArcCosh[cx]) c*d?>x*™ (a+bArcCosh[cx])
+

bc3 dz x4+m (1 _c2 XZ)
+

d?x**" (a+bArcCosh[cx])

1+m 3+m 5+m
2+m 4+m

1
(b cd” (149 + 100 m+ 15m*) x*™ /1 - c? x> Hypergeometric2F1|—, s , x|
2 2 2

((1+m) (2+m) <3+m)2 (5+m2+-1+cx \/1+cx)

Result (type 6, 2070 leaves):

a C4 d2 X5+m 1

ad2X1+m 2ac2d2X3+m m "
- +—bd*x" (cx)"

+

1+m 3+m 5+m C
1 1 1
- 12 (cx)" [\/—1+cx V1+cx AppellFi[ =, -m, - —, f,l—cx,f(l—cx”/
1+m 2 2 2
1 3 1 3
[GAppellFl[—,—m,——, —,1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1][ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, = (1-cx) ]| +AppellF1[ =, -m, =, =, 1-cx, — (1-cX)]| J—
2 2 2 2 2 2 2
-l+cx 1 1 3 1
7AppellF1[f,—m, =, f,l—cx,f(l—cx)]/
1+cx 2 2 2 2
1 1 3 1 3 1
6 AppellF1[—, -m, —, =, 1-cx, — (1-cx)]+ (-1+cX) (4mAppe11F1[—, 1-m, —,
2 2 2 2 2 2
—,1—cx,1(1—cx”—Appe11F1[i, -m, i, —,1—cx,l(1—cx” ] +
2 2 2 2 2 2
1+
(c x)**™ArcCosh[c x] C2bcd XM (cx) 27 |- 1 4 (cx)m
1+m 3+m
1 1 1
(3\/—1+cx V1+cx AppellFi[ =, -m, - —, f,l—cx,f(l—cx)]/
2 2 2 2

1 1 3 1 3
(6Appe11F1[fJ -m, -—, —,1-cx, — (1—cx” +(-1+cx) 4mAppellF1[ =, 1-m,
2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, — (1—cx)] +AppellF1[ =, -m, =, =, 1-cX, — (1—cx)] )—
2 2 2 2 2 2 2

1-cx)]|/

-1+cCcx

N | =

1 1 3
AppellFl[ =, -m, =, =, 1-cX,
1+cX 2 2 2
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1 1 3 1 3 1
(6Appe11F1[fJ -m, —, —,1-cx, — (1—cx)] +(-1+cx) 4mAppellFl[ =, 1-m, —,
2 2 2 2 2 2
5 1 3 5 1
f,l—cx,7<1—cx)]—AppellF1[f, -m, —, f,l—cx,f(l—cx)] )+
2 2 2 2 2 2
2 3 1 5 1
(-1+cx)?*V1+cx (SAppellFl[—, -m, - —, —,1—cx,—(1—cx)]/
2 2 2 2
3 1 5
[30AppellF1[—,—m,——, —,1-cx, = (1-cx)]+3 (-1+cx)
2 2 2 2

4mAppellF1[§, 1-m, 7; 2 1-cx, 1 (1-cx)]+

5 1 7 1
AppellFl[;, -m, A 1-cx, N (1-cx)]

+

5 1 7 1
(7 (-1+cx) AppellFl[E, -m, Sy 1-cx, N (1-cx)]

/

s g,l—cx, 3 (1-cx)]+5(-1+cXx)

5 1
[70 AppellF1[ =, -m, - —
2

1 7
,1-cx, = (1-cx)] +Appe11F1[;, -m,
2

N |
N | ©

+b c3 d2 X4+m (c X) -4-m

] ) (c x)3*™ArcCosh[c x]
+
3+m

1
5+m

1 1 3 1
(12 (cx)"/-1+cx +/1+cx AppellFl|[—, -m, - =, =, 1-cx, — (1-cx)]
2 202 2

/

1 1 3 1 3
[6Appe11F1[—, -m, - =, —,1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1][ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, = (1-cx) | +AppellF1[ =, -m, =, =, 1-cx, — (1-cX)]| )7
2 2 2 2 2 2 2
-1+ 1 3
12 (cx)" AppellF1l| =, -m, —, —,1—cx,—(1—cx”/
1+cx 2 2
1 1 3 1
[6AppellF1[f, -m, —, —,1-cx, — (1—cx)} +
2 2 2 2
3 1 1
4m(—1+cx)Appe11F1[f,1—m, =, f,l—cx,f(l—cx”—
2 2 2

3 3 5 1
(-1+cx) AppellF1[ =, -m, =, =, 1-cx, — (1-cx)]
2 2 2 2

(40 (cx)" (-1+cx)>?/1+cx AppellFl[i, “m, 71, 5, 1-cx, 1 (1-cx)]
2 2

/

2 2
3 1 5 1 5
[30AppellF1[—, -m, - =, =, 1-cx, = (1-cx)]+3(-1+cx) [4mAppellF1[ =, 1-m,
2 272 2 2
1 7 1 5 1 7 1
-=, =, 1-cx, = (1-cx) ]| +AppellF1[ =, -m, =, —, 1-cx, — (1-cX)]| J+
272 2 2 272 2
(112(cx)m(—1+cx)5/2\/1+cx AppellFl[E, —m,—l, Z,l—cx,l(l—cx)]/
2 202 2
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5 1 7 1 7
(70Appe11F1[—, -m, - =, =, 1-cx, = (1-cx)|+5(-1+cx) [4mAppellF1[—, 1-m,
2 2 2 2 2
1 9 1 7 1 9 1
-=, =, 1-cx, = (1-cx) ]| +AppellF1[—, -m, =, =, 1-cx, — (1-cX)]| J+
2 2 2 2 2 2 2
(108(cx)"‘(—1+cx)7/2\/1+cx AppellFl[Z, —m,—l, g,l—cx,l(l—cx)]/
2 2 2 2
7 1 9 1
(7 [18Appe11F1[—, -my, - =, =, 1-cx, = (1-cx)]+
2 2 2 2
9 1 11 1
(-1+cx) [4mAppellF1[=, 1-m, - —, —, 1-cx, — (1-cx)]+
2 2 2 2
11

9 1
AppellF1[ =, -m, —, —
2 2 2

(44 (cx)m (—1+cx)9/2\/1+cx AppellF1l[ =, -m, - —, E, 1-cx, 1 (1-cx) |
2 2 2 2

9 1 11 1
(9 [22Appe11F1[f, -m, - =, —,1-cx, —
2 20 2 2
1
2

(-1+cx)

11 1 13 1
AppellFl[?, -m, E’ ?, 1-cx, g (1—cx)]

]) (c x)>*™ArcCosh[c x]
+

5+m

Problem 147: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jxr" (d-c*dx*) (a+bArcCosh[cx]) dx

Optimal (type 5, 164 leaves, 6 steps):

bcdx*"/-1+cx V1+cx dx¥" (a+bArcCosh[cx]) c2dx*™" (a+bArcCosh[cx])
N

(3+my 1+m 3+m

bcd (7+3m) x*"/1-c2x? Hypergeometric2Fi| %, Z*T’", ‘”T’", c? x?]

(1+m) (2+m) (3+m)2\/—1+cx VJ1+cx

Result (type 6, 1038 leaves):

ad X1+m a CZ d X3+m
- +—bdx" (cx)™"

1+m 3+m C
o 12 (cx)™ [\/—1+cx V1+cx AppellFl[l,—m,—l, 3,1—cx,l(1—cx”/
1+m 2 2 2 2
1 1 3 1 3
(6Appe11F1[—, -m, - =, —,1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1][ =, 1-m,

2 2 2 2 2

1 5 1 3 1 5 1

-=, =, 1-cx, = (1-cx)| +AppellF1[=, -m, =, =, 1-cx, — (1-cX)]| ]7
2 2 2 2 2 2 2
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3 1
AppellFl —, —,1-cx, = (1-cx) ]|
l1+cx 2 2

/

1 3 1 3 1
[GAppellFl -my, —, =, 1-cx, = (1-cx) ]+ (-1+cx) (4mAppellF1[—, 1-m, —,
2 2 2 2 2 2
5 1 3 3 5 1
—,1-cx, = (1-cx)]|-AppellF1[=, -m, =, =, 1-cx, — (1-cX)]| ] +
2 2 2 2 2 2
1+m
(c x) ArcCosh[c x] Cbcdx®M (cx) 2T [ 4 (cx)m
1+m 3+m
[(3\/1+cx V1+cx AppellFl[l,—m,—l, i,l—cx,l(l—cx)]/
2 2 2 2
1 1 3 1 3
(GAppellFl[— -m, - =, =, 1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1][—, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, = (1-cx)| +AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] )—
2 2 2 2 2 2 2

-1+cx 1 1 3 1
3 AppellF1[—, -m, =, =, 1-cx, — (1-cx)]
1+cx 2 2 2 2

(6Appe11F1[§,—m, =, 3,1—cx, (1—cx)]+<—1+cx)

3 1
4 mAppellF1 [ -5 1-m, —,
2 2

) ;

—,1-cx,
2

(—1+cx)3/2x/1+cx

-m, =, =, 1-cx, (1—cx)]

/

1
2

N |
N

3 5 1
(SAppellFl[;, -m, - —, ;, 1-cx, ; (1—cx)]

[30AppellF1[§, -m, 7; 3 1-cx, % 1-cx)]+3(-1+cx)

5 1 7 1 5 1
4mAppellF1|[ =, 1-m, - =, —, 1-cX, — (1-cx)]| +AppellF1][ =, -m, —,
2 2 2 2 2 2

7 1
;,1—cx, ;(17CX)]

5
)+(7( 1+cx) AppellF1[ =, -m, -
2

)
1 5 1 7
~ (1-cx) | / (70AppellF1[—, -m, - =, —
2 2 2’

2
9
2

(—1+CX>

7 1
4mAppellFl|—, 1-m, - —,
2 2

(c x)3*™ArcCosh[c x]

7 1 9 1
AppellF1[—, -m, =, =, 1-cXx, — (1-cx)]
2 2 2 2

3+m

Problem 151: Unable to integrate problem.
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Jx"‘ (d—czdxz)S/2 (a+bArcCosh[cx]) dx

Optimal (type 5, 709 leaves, 10 steps):
15bcd? x>/ d-c?dx?
(2+m)2 (4+m) (6+m) /-1+cx V1+cx

5bcd?x®"+d-c?dx? bcd?x?™+/d-c?2dx?

- +

(6 +m) (8+6m+m2) v-l+cx V1+cx (12+8m+m2) V-l+ecx V1+cx

5bc3d2x*™/d-c?2dx? 2bc3dZx*mA/d-c?dx?

+ —

(4+m2 (6+m)v/-1+rcx V1+cx (4d+m) (6+m /-1+rcx V1+cx

b c5d2x6M+/d - c2dx2 15d? x**™+/d-c?dx* (a+bArcCosh[cx])
.

+

(6+m2+/-1+cx V1+cx (6+m) (8+6m+m?)
5d2 x*" (1-cx) (1+cx)m<a+bAr‘cCosh[cx]>
(4+m) (6+m) :
d? xtm (1—cx>2<1+cx)2m(a+bAr‘cC05h[cx]) .
6+m

(15d2x1*’“\/17c2x2 x/dfczdx2 (a+bArcCosh[cx])

Hyper‘geometr‘icZFl[l, 1+m) 3+m) c? x?] /(<6+m> (8+14m+7m?+m’) (1-cx) (1+cx)) -
2 2 2
(15bcd2 x*™+/d - c®>dx* HypergeometricPFQ[{1, 1+ T, 1+ m}, {E+ m, 2+ m}, c? x?] /
2 2 2 2 2

((1+m) (2+m)2 (4+m) (6+m) /-1+cx \/1+cx)

Result (type 8, 29 leaves):

Jx’" (d—czdxz)s/2 (a+bArcCosh[cx]) dx

Problem 152: Unable to integrate problem.

JX"‘ (d—czdx2)3/2 (a+bArcCosh[cx]) dx

Optimal (type 5, 442 leaves, 7 steps):
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3bcdx?®"+/d-c?dx? bcdx?m+d-c?2dx?

- - +

(2+m)2(4+m)\/—1+cx Vi+cx  (8+6mem?)\/-1+cx V1+cx

bec3dx*m~/d-c2dx? 3dx*™+/d-c2dx? (a+bArcCoshlcx])
.

+

(4+m2y/-1+rcx VI+cx 8+ 6m+m
dx¥*m (1-cx) (1+cx) Vd-c2dx? (a+bArcCosh[cx])
+
4+m

(del*"‘\/lfczx2 x/dfczdx2 (a+bArcCosh[cx])

X 1 1+m 3+m 2
Hypergeometric2F1[ =, , , X2
2 2 2

m m 3
(3deX2+m\/d—C2dX2 HypergeometricPFQ[ {1, 1+ —, 1+ —}, { =+
2 2

2

/ ((8+1am-702+n?) (1-cx) (1-cx)) -

((1+m) <2+m)2 (4+m)/-1+cx \/1+cx)

Result (type 8, 29 leaves):

Jx’“ (d—czdx2)3/2 (a+bArcCosh[cx]) dx

Problem 153: Unable to integrate problem.
Jx’“ \Jd-c*dx* (a+bArcCosh[cx]) dx

Optimal (type 5, 268 leaves, 4 steps):
bcx2™~/d-c2dx? xM+/d-c?dx* (a+bArcCosh[cx])

- + +

(2+m)2/-1+cx V1+cx 2+m

1 1+m 3+m
xem \/1 -2 x? \/d -c*dx* (a+bArcCosh[cx]) Hypergeometric2F1| -, s , 2%
2 2 2

((2+3m+m?) (1-cx) (1+cx)) -

m m 3
(bCX2+mmHypergeometr‘icPFQHl, 1+—=, 1+ 7}1 {7+
2 2

2
((1+m) <2+m)2\/—1+cx \/1+cx)

Result (type 8, 29leaves):

Jx’" \/d-c*dx* (a+bArcCosh[cx]) dx

Problem 154: Unable to integrate problem.

Jx’" (a+bArcCosh[cx]) :
X

Vd-c?dx?
Optimal (type 5, 166 leaves, 2 steps):
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1 1+m 3+m
x'"[1-c*x* (a+bArcCosh[cx]) Hypergeometric2F1[ =, , s, 2%

2 2
((1+m) \Jd-c2dx?

N

+

m m 3 m m
(bcxz*"‘\/—lJrcx V1+cx HypergeometricPFQ[{1, 1+ —, 1+ —}, {=+ =, 2+ —}, 2 x?] /
2 2 2 2 2
((2+3m+m2) \Jd-c2dx?
Result (type 9, 198 leaves):
1 1+m 3+m
2727 m ylem | p2em (a \/1-c?x? Hypergeometric2Fl[ =, s , x4
2 2 2
2 . 2+m 3+m 22
b (1-c?x*) ArcCosh[c x] Hypergeometric2F1|[1, , , X+
2 2

-1+cx
———— (1+cx) Gamma[1+m] HypergeometricPFQRegularized |

1+cx
2 2 3 4
1, ;’", ;’"},{ ;m, ;’"},CZXZ] /((1+m) Jd-c2dx

Problem 155: Unable to integrate problem.

Jx'" (a+bArcCosh[cx])
dx

(d-c2dx?)??

Optimal (type 5, 280 leaves, 4 steps):

x*™ (a+bArcCosh[cx])

dvd-c?2dx?
1 1+m 3+m
mx'™+/1-c*x* (a+bArcCosh[cx]) Hypergeometric2F1[—, s , X2 /
2 2 2

bex2™+/-1+cx \/1+cx Hypergeometric2Fl|1, 2;’", 4?"', 2 x?]
N -

d (2+m) Vd-c2dx?

(d (1+m) A/d-c*dx?
2 . m m 3
(bcmx*"‘\/—1+cx V1+cx Hyper‘geometr‘lcPFQHl, 1+—,1+—}, {=+
2 2 2
(d (2+3m+m2) A/d-c?dx?

Result (type 8, 29leaves):

Jx"‘ (a+bArcCosh[cx]) 5
X

(d-c2dx?)*?

| 17



18 | Mathematica 11.3 Integration Test Results for 7.2.4a (f x)~m (d-c~2 d x~2)~p (a+b arccosh(c x))~n.nb

Problem 156: Unable to integrate problem.

Jx"‘ (a+bArcCosh[cx]) 5
X

(d-c2dx?)>?

Optimal (type 5, 435 leaves, 6 steps):

(2-m) x**™ (a+bArcCosh[cx]) x> (a+bArcCosh[cx])
. _
3d2+/d-c?2dx? 3d? (1-cx) (1+cx) Vd-c?dx?
((Z—m) mx*"+/1-c*x* (a+bArcCoshlcx]) Hyper‘geometr‘icZFl[l, 1+m, 3+m1 c? x?| /
2 2 2
(3d2 (1+m) AJd-c2dx? |+
(bc (2-m) x>™+/-1+cx +/1+cx Hypergeometric2Fi[1, 2+m’ 4+m, c? x?| /
2 2

bex?™~/-1+cx \/1+cx Hypergeometric2Fl|2, 2;’", 4*7’", 2 x?|
. _

3 d2 (2+m) vd-c?dx?

(de (2+m) \Jd-c2dx?
(bc (2-m) mx>™+/-1+cx +/1+cx HypergeometricPFQ[{1, 1+m, 1+m},
2 2
{E+m, 2+T}) czxz})/ (3d2 (2+3m+m?) \/d-c?dx?
2 2 2

Result (type 8, 29 leaves):

Jx'" (a+bArcCosh[cx])
dx

(d—czdxz)S/2

Problem 157: Unable to integrate problem.

x™ ArcCosh[a x]
J dx

V1-a?x?
Optimal (type 5, 131 leaves, 2 steps):

x}*™ ArcCosh [a x] Hypergeometric2F1| %, 1;’" s 3;”‘ , a2 x?]

n
1+m

m m 3
ax>"/“1+rax V1+ax Hyper‘geometr'icPFQ[{lJ 1+—,1+—}, {=+
2 2 2

((2+3m+m2) 1-a2x?

Result (type 9, 163 leaves):
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. m 3+m
(1+ax) ArcCosh[ax] Hypergeometric2F1[1, 1+ —,

l1+ax 2 2

-1l+ax

, azxz} _

2713 +/7 xGamma[1 +m] HypergeometricPFQRegularized {

m m 3+m m 2 2
(L1210 7, (520 20 7, ] /2 F1ax) [1vax) |
Problem 170: Result more than twice size of optimal antiderivative.

J\/d -c2dx? (a+bArcCosh[cx] )2

3

dx
X

Optimal (type 4, 427 leaves, 13 steps):
bcm(a+bAr‘cCosh[cx1) \/m(a+bAr‘cCosh[cx1)2
xvV-1+cx V1+cx 2x?
c2+/d-c2dx? (a+bArcCosh[cx]) 2 ArcTan [ @ArcCoshlex] |
v-l+cx V1+cx
bzczmAr‘cTan[\/—1+cx Vi+cx |
V-1+ex V1+cx

ibc2/d-c2dx? (a+bArcCosh[cx]) PolyLog|2, - i eArccoshicx] ]

V-1+cx Vi+cx
ibc2v/d-c2dx? (a+bArcCosh[cx]) PolylLog[2, i eArccoshicx] |

\/—1+cx \/1+cx
ib?c2/d-c?dx?* Polylog[3, —i eArecoshicxI] jbh2c2+/d-c2dx? Polylog|3, i eAccoshicx |

v-1l+cx V1+cx v-1l+cx V1+cx

+

+

+

+

Result (type 4, 5075 leaves):

a2./-d (-1+c2x?
_ | d 2+ x2) 7132c2\/?LOg[X]+132c2\HLog[d+\/?\/,d(,1+czxz)]+
2 X 2 5

. -1l+cx 1
IJ?< rex) i (-1+cx) (1+cx) ArcCosh[cx]

iabc?d |- - +
c X c? x?

| 19
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b2 c?

d

-1l+cCcx

-1+cx
1+c x

(1+cx) ArcCosh[cx] {2 +

-1+cCcXx

(1+cx) ArcCosh[cx] Log[1 - i e Arccoshlexl] _ (1+cx)
1+cx l+cx
ArcCosh[c x] Log[1 + i e Arccoshiex)] Slecx (1+cx) Polylog|2, - i e Arccoshliex]] _
l1+cx
lrex (1+cx) Polylog|2, i e Arccoshiex]] /(\/—d (-1+cx) (1+cx) )+
1+cx

L€X (14c x) ArcCosh[c x]
1+Ccx
cx

+

2cx\/—d(—1+cx) (1+cx)

1 -1+cxXx

=

id

1+CX 1+CX)

ArcCosh[c x]? Log[1 - i e Arccoshicx

1
x] ArcTan|Tanh| N

4 1 ArcCosh|c

4 1 ArcCosh ]| ArcTan Tanh

2

-1+cx
2Log1

C X+ 1+CX

l1+cx

-1+cCcX
2Log -1

CX+ 1+cx

1+cCcX

4 1 ArcTan Tanh Ar‘cCosh

2

1
1+ Tanh[ = ArcCosh|[c

L —
og| A

1
Log[-1+ Tanh| = ArcCosh|c
2

Log|

1 iy 1
—+ *] (—1+Tanh[—
2 2 2

1
-1+Tanh| =

Lo
g| A

ArcCosh|[c

1+cx

ArcCosh|[c

1
— ArcCoshc

1
|] Log[1-Tanh| = A

1
x]]] +41iArcTan[Tanh| = ArcCosh[c
2
x]]]"-2Log[-1

ArcCosh|c

x]]] Log]

1
4 i ArcTan|Tanh| =~

(1+cx) A

ArcCosh[c

X]H+

- ArcCosh[c x]? Log[l + f @-ArcCoshicx] ] B

X] ] } Log[l _i ezJ‘LAr‘cTan{Tanh{;Ar‘cCosh[c X]H ] +

X] ] } Log[l ‘i eziArcTan{Tanh{%ArcCosh[c X]H ] 4

Log[ ! -

1-Tanh[ > ArcCosh[cx] ]

2
Log[f - |-
-1 +Tanh[;Ar‘cCosh[c x] |

x]]]

ArcCosh|c

x]]]

2

-1+cCcX

CX+ <1+CX) }2

1+cX

x] |

1 1 . 1
*+*] (—1+Tanh[f
2 2 2

ArcCosh|c

x]]]
}_

1
| +2Log[1-Tanh| =
2

ArcCosh[c x] |
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1 2
2Log[-1+Tanh| = ArcCosh[cx]]]" Log|

|+

1 i , 1
. _] (—1 + Tanh| = ArcCosh[c x] |

2 2 2 2
_1icx 5 (1-1) (—j+Tanh[lAr‘cCosh[cx]”
2Log[—1’1 CX+ (1+cx) } Log[ 2 ]+
1+cx 71+Tanh[§Ar‘cCosh[cx}]

_ 1 1
4 i ArcTan|Tanh| = ArcCosh[cx] || Log[1 - Tanh| N ArcCosh[cx] ||
2

(1-1) (—1+Tanh[§Ar‘cCosh[c x] ])

1
| -4 i ArcTan|[Tanh| = ArcCosh[cx] | ]

Log |
i+Tanh[§Ar‘cCosh[c x] | 2

(1-4) (~1+Tanh[*ArcCosh[cx] ]|

} +

Log[—1+Tanh[1Ar'cCosh[c x]]] Log|
2 i+ Tanh[iAr‘cCosh[c x] |

1 1 i , 1
2Log[—1+Tanh[;Ar‘cCosh[cx]}] Log| ;+;] (—1+Tanh[;Ar‘cCosh[cx}]

(1-1) (—1 +Tanh[ 2 ArcCosh[c x] ])
LOg{ 2 }+
i + Tanh[ > ArcCosh[c x] ]

]

-l+cx 2 1
2Log[i [cx+ (1+cx)|] Log[(1-1) (i+Tanh{—Ar‘cCosh[cx}] ] -
l1+cx 2
C14cx R (1+1) j+Tanh[lAr'cCosh[cx]])
2Logli [cx+ (1+cx)|] Log| 2 ] -
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Log[% ((1”'1) - (1-1) Tanh[%Ar‘cCosh[cx]])] Log[1+Tanh[§Ar‘cCosh[c x1]] -

. 1 1
20 1 ArcTan [Tanh [ — ArcCosh[c x] ] } Log[—l + Tanh [ g ArcCosh[c x] ] }
2

1 1 , _ 1
Log[1+ Tanh|[ = ArcCosh[cx] || +20 Log[; ((1+1) - (1-1) Tanh[;Ar‘cCosh[c x] |
2

]

1 1
Log[-1 +Tanh[;Ar‘cCosh[c x]|] Log[1 +Tanh[;Ar‘cCosh[c x]]] -

]

1 1 1
Log[1+Tanh[;Ar‘cCosh[c x]|] -10 Log[; ((1+Ji) - (1-1) Tanh[;Ar‘cCosh[c x] |

1 1 i , 1
10 Log[—1+Tanh[;Ar‘cCosh[cx1H Log| E+;J [—1+Tanh[;Ar‘cCosh[cx]]

]

(1-1) (—1+Tanh[§Ar‘cCosh[c X] ])

| Log[1 +Tanh[lAr'cCosh[c x]]]+

Log|
i + Tanh[ > ArcCosh[c x] ] 2

]

1 1 iy [ 1
10 Log[lfTanh[;Ar‘cCosh[cx]}] Log| 7—7—) (1+Tanh[—Ar‘cCosh[cxH

2 2 2

1 1
Log[1+ Tanh[ = ArcCosh[cx] || -20Log[-1 +Tanh[;Ar‘cCosh[c x]]]
2

1 iy 1
. —) [1 + Tanh|[ = ArcCosh[c x] |
2

| Log[1 +Tanh[lAr‘cCosh[c x]]]+
2 2 2

Log|
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(1-1) (—1+Tanh[lAr‘cCosh[c x}])
10 Log| 2

]

1+ Tanh[%Ar'cCosh [cXx] }

1 iy 1 1
Log| —;—;) [1+Tanh[;Ar‘cCosh[cx]} }Log[1+Tanh[;Ar‘cCosh[cx]}} -

: 1 1
20 i ArcTan|Tanh]| N ArcCosh[cx] || Log[1 - Tanh| N ArcCosh[cx] ||

(1+1) (1+Tanh[§Ar‘cCosh[c X] ”

1
Log| ] +20iAr‘cTan{Tanh[;Ar‘cCosh[c x]]]

i + Tanh[ > ArcCosh[cx] |

1 (1+1) (1+Tanh[lAr'cCosh[cx]H
Log[—1+Tanh[7Ar‘cCosh[cx]H Log[ 2 ]—
2 i+Tanh[§Ar‘cCosh[c x] |

1
10 Log[—1+Tanh[£Ar‘cCosh[c x]]] Log|

(1+1) (1+Tanh[%Ar‘cCosh[c X] ”

J

1 i 1
1 7) (7]1 +Tanh| = ArcCosh[c x] ]
2 2

Log| |+
1’1+Tanh[§Ar‘cCosh[c x}]
10 Log[l {(1+1’1) - (1-14) Tanh[lAr‘cCosh[cx}] ]
2 2

1 (1+1) (1+Tanh[lAr‘cCosh[cx}])
Log[1+ Tanh[ = ArcCosh[cx] || Log| 2 | -
2 i +Tanh|[ > ArcCosh[cx] |

1 1 1
10 Log[ |-~ - —] (]‘1 + Tanh| = ArcCosh[c x] |

2 2 2
(1+i) [1+Tanh[2ArcCoshicx]])

| Log|[1+ Tanh[l ArcCosh[cx] | |
2

1
Log| | -10 Log[lfTanh[gAr‘cCosh[c x]]]

i+ TanhEAr‘cCosh [cx] ]

1
Log[-1 +Tanh[;Ar'cCosh[c x]]] Log|

N |

((1+1) +(1-1) Tanh[lArccOsh[cx]])} +
2
1 2 1 , , 1

10 Log[—1+Tanh[;Ar‘cCosh[c x]]] Log[g ((1“1) +(1-1) Tanh[;Ar‘cCosh[c x1]]] -

(1-1) (—1+Tanh[%Ar‘cCosh[c x}])

10 Log[—1+Tanh[lAr‘cCosh[c x]|] Log]
2 i+ Tanh[%Ar‘cCosh[c x]}

]

N |

((1“’1) +(1-1) Tanh{lAr‘cCosh[cx]])] -

Log| A

-1+cCcXx

. 1 i 1
20 Log[i [cx+ (1+cx)|] Log| 7+7) [1+Tanh[7Ar‘cCosh[cx]} ]

2 2 2

1+cxXx

Log[% ((1“1) +(1-1) Tanh[%Ar‘cCosh[cx]])] -
1

[-1+Tanh[ = ArcCosh[cx] || Log|
2

20 Log

]

1 1 1
. —) (1+Tanh[—Ar‘cCosh[c x] |
2 2 2
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Log[l ((1+1’1) +(1-1) Tanh{%Ar‘cCosh[cx]])] +

1 i 1 2
10 Log| —+—) (1+Tanh[—Ar‘cCosh[cx]} ]
2 2 2
1 1 1
Log[; (<1+Ji.> +(1-1) Tanh{EAr‘cCosh[cx]])] +10 Log[—1+Tanh[;Ar‘cCosh[c x1]]

|+

1 1 , , 1
Log[1+Tanh[;Ar‘cCosh[c x]]] Log[; ((1+1) +(1-1) Tanh[;Ar‘cCosh[c x] |

(1+1) (1+Tanh[iAr‘cCosh[c X] ])

]

1
10 Log[-1 + Tanh | = ArcCosh[c x] | | Log|

2 i + Tanh[ > ArcCosh[c x] ]
1 ) . 1 .
Log| ((1“1) +(1-1) Tanh[;Ar‘cCosh[c x]])] - 20 i ArcCosh[c x]
2
1 i(1+cx) (71'1JrTanh[lAr'cCosh[cx]})2
Ar‘cTan[Tanh[fAr'cCosh[c X]H Log[l— 2 } +
2 2cx

10 ArcCosh[c x] Log[1 - i e Arccoshicx] ]

i(1+cx) (—]'].-%—Tanh[%Ar‘CCOSh[CX]])Z

Log[1 - | - 1@ ArcCosh[c x]

2CX

i(1+cx) (—Ji+Tanh[%Ar‘cCosh[cx]”2

|+

Log[l + i e—Ar‘cCosh[cx]] Log[l _
2cX

1
20 i ArcCosh[c x] ArcTan [Tanh [ — ArcCosh[c x] } ]
2

i (1+cx) (-i+Tanh[LArccoshicx]]}*

Log[1+ | -10ArcCosh[c x]

2CcXx

i(1+cx) (—Ji+Tanh[iAr‘cCosh[cx]”2

Log[1- i erecoshicx] ] |og |1+ | + 10 ArcCosh|
2cx

i(1+cx) (—J‘L+Tanh{%Ar‘cCosh[cx1])2

cx] Log |1+ i eArecoshiexi] | og 1 +

|+

2CX

i(1+cx) (—J’lJrTanh[%Ar*cCosh[cx]”2

} _

10 |Log|1 -
2cX

i (1+cx) (-i+Tanh[LArccoshicx]]}*

Log[lJr } PolyLog[Z, _i e-ArcCosh[cx]} B
2cx
i(1+cx) (—1’1JfTanh[lAr'cCosh[cx]”2
10 |Log[1 - 2 ] -
2cx
i (1+cx) (-i+Tanh[LArccoshicx]])*

~ArcCosh[c x] ] 4

}

Log[1+ PolylLog[2, ie

2CcXx
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10 ArcCosh [CX] PolyLog[Z, _3 ez1'1ArcTan[TanhEArcCosh[cx]H} .

10 Log|[1 - Tanh| 1 ArcCosh[cx] || PolyLog[2, - i g2 ArcTanTanh[ L arcCosh e x] | ]
2

2 1 ArcTan {Tanh { %Ar‘cCosh [cx] } } }

10 Log[l + Tanh[1 ArcCosh[c x] } ] PolyLog[Z, -ie
2

10 ArcCosh [cX] PolyLog[Z, i eziArcTan{Tanh{%Ar‘cCosh[c X]H ] B

2 i ArcTan {Tanh[%ArcCosh [cX] } } ] +

10 Log[l - Tanh[1 ArcCosh[c x] } ] PolyLog[Z, ie
2

1
10 Log[1 + Tanh|[ = ArcCosh|[ || PolyLog|2, j g2 iArcTan(Tanh[ 2 ArCCOSh[CX]H
2
-1+cx -1l+cx
20Log -1 |cx+ 1+cx PolyLog2 -CX- 1+cx +
l1+cx l+cx
-1+cx -1+cx
20Log i|CcX+ 1+cx PolyLogZ -CX- 1+cx +
1+cx 1+cx
-1l+cx -1l+cx
20Log -1 |CcX+ 1+cx PolyLog 2 -1 |CcX+ 1+cx -
1+cx l1+cx
-1l+cx -1l+cx
20Log1 CX+ 1+cx PolyLogZ 1|cX+ 1+cx +
l1+cx l+cx

-1+cx
20Log -1 |cx+ 1+cx
1+cx
( +Tanh[ ArcCosh|[c ]])]+10
2

1 i
PolyLog|2, (— _—_—
2 2

1
Log[l - Tanh [ ; ArcCosh[c x] } ] PolyLog[z, (—

(1-1) (—1+Tanh[%Ar‘cCosh[c x}])

N R
\

i 1
- ] (—1+Tanh[7Ar‘cCosh[cx]} ]+
2 2

10 Log|

]

1+ Tanh[%Ar'cCosh [cXx] }

1 1
PolyLog|2, (— _—_
2 2

[—1+Tanh[lAr‘cCosh[c x]])] -10
2

] -

Log[1+Tanh[ ArcCosh[cx] || PolylLog|2, (—
2

N R
|

i 1
- ] (—1+Tanh[—Ar‘cCosh[cx]}
2 2

<1+J'1>

1 +Tanh[iAr‘cCosh[c X] ])

10 Log | | PolyLog|2,

i+ Tanh| % ArcCosh[c x] |

| -20L0g[i Lrex

CX+ (1+CX)

]

1 i 1
(_ = —] [—1+Tanh[—Ar‘cCosh[c x] |
2 2

1+cx
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1 1
PolyLog|2, (7 -+ =
2

-10
A ]

1
(—1 + Tanh[f ArcCosh[c x] ]
2

1
Log[l - Tanh [ ; ArcCosh[c x] } ] PolyLog[Z, (—

1-1) (-1+Tanh[? ArcCoshicx]])

N |

i 1
+ f] (—1+Tanh[7Ar‘cCosh[c x]} ] -
2 2

10 Log |

]

i+ Tanh| i ArcCosh[cx] |

1 i
Polylog|2, (— e
2

1
(—1+Tanh{7Ar'cCosh[cx]])] +10
2

2

|+

1
Log[1 + Tanh| N ArcCosh[c x] || PolyLog|2, (—

N |

i 1
+ f] (—1+Tanh[fAr‘cCosh[c x] |
2

(1+1) (1+Tanh[§Ar‘cCosh[c X] ])

10 Log| | PolyLog|2,
i + Tanh[ > ArcCosh[c x] ]
1 i 1 ) -l+cx
(—*+f] [—1+Tanh[7Ar‘cCosh[cx1] | -20Log[-1 [cx+ (1+cx)|]
2 2 2 l+cx

1 1 1
PolyLog[Z, (f—f] (1+Tanh[7Ar‘cCosh[c x}] ]—
2 2 2
1 1 1 1
10 Log[l—Tanh[fAr‘cCosh[c X]H PolyLog[z, [;— g) [1+Tanh[gAr‘cCosh[c x]}
2

} _

(1-4i) (~1+Tanh[?ArcCoshcx] ]|

10 Log |

]

i+ Tanh| i ArcCosh[c x] |

1 i 1
Polylog|2, (f—f] (1+Tanh{fAr'cCosh[c x]]|]+
2 2 2
1 1 i 1
10 Log[1+Tanh[£Ar‘cCosh[cx]}] PolyLog[Z, [;_E) [1+Tanh[;Ar‘cCosh[cx]} }+

(1+1) (1+Tanh[%Ar‘cCosh[c X] ])

10 Log
| i + Tanh[ > ArcCosh[c x] ]

1 i 1
PolyLog|2, (———] (1+Tanh[—Ar‘cCosh[c x] |
2 2

20
2 ]+

-1+cx

. 1 i 1
Log[i [cx+ (1+cx) | PolyLog|2, (;+7] (1+Tanh[fAr'cCosh[cx}] |+

2 2

1+cx

}+

1 1 1 1
10 Log[l—Tanh[—Ar‘cCosh[c X]H PolyLog[z, [;+ ;) [1+Tanh[gAr‘cCosh[c x]}
2

(1-4i) (~1+Tanh[?ArcCoshcx] ]|

10 Log |

]

i+ Tanh| i ArcCosh[c x] |
] _

1 1 i 1
10 Log[1+Tanh[£Ar‘cCosh[cx]}] PolyLog[Z, [;+E) [1+Tanh[;Ar‘cCosh[cx]} }—

1 i 1
Polylog|2, (7+7] (1+Tanh{fAr'cCosh[c x] |
2 2 2
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(1+1) (1+Tanh[%Ar‘cCosh[c X] ])

10 Log|

]

i + Tanh [ i ArcCosh[c x] }

1 i 1
PolyLog|2, (— + E] (1 +Tanh|[ = ArcCosh[cx] ||| - 18 PolyLog[3, -1 e Arccoshiex)] 4
2 2 2

-1l+cx
10 Polylog|[3, i e ArCoshiex)] _ 2@ polylog[3, -1 [cx + ez 1+cx) |+

l+cx

-1l+cx

20 Polylog|3, i [cx+ (T+ex)|]|+
1+cx
12 [ =2€* (14 cx) ArcCosh[cx]
1 1+cx
N
12./-d (-1+cx) (1+cx) cx

6 (-1+cx) (1+cx) ArcCosh[cx]?

1 2
-4 Cosh|[ = ArcCoshcx] | +
c? x? 2

1
26 ArcCosh [c x]? Cosh | = ArcCosh[c X] }2 -
2

1
2 ArcCosh[c x] Coth| = ArcCosh[cx] | -
2

5 1 2
ArcCosh[c x]2 Coth[ = ArcCosh[cx]|" -
2

-1l+cX

52 (1+cx) ArcCosh[c x] Log[1 - e Arccoshlex] ]
1+cx
-l+cx ~ArcCosh[c x

52 | ——— (1+cx) ArcCosh[cx] Log[1+e lex1] -
l1+cx

-1+cCcX

52 (1+cx) PolyLog[2, —eArccoshlex] ]
1+cx

52 | EreX (1+cx) Polylog[2, e Arecoshiexi]
1+cx

. 1 2 9 s 1 2
4Slnh[7Ar‘cCosh[c X] } - 26 ArcCosh[c x] Slnh[fAr‘cCosh[c X] } -
2 2

1
2 ArcCosh[c x] Tanh| = ArcCosh[cx] | -
2
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2 1 2
ArcCosh[c x]2 Tanh| = ArcCosh[c x] |
2

Problem 250: Result unnecessarily involves imaginary or complex numbers.
JAr‘cCosh[a x]3

(c—azcxz)E'/2

Optimal (type 4, 241 leaves, 8steps):

x ArcCosh[ax]® +/-1+ax V/1+ax ArcCosh[ax]3
+

cVe-atex? acVc-aZcx®

31/-1+ax V1+ax ArcCosh[ax]?Log[1 - e?Arccoshiax] ]
acc-atoxt _

3+/-1+ax /1+ax ArcCosh[ax] PolylLog[2, e2Arccoshiax] ]| X
acVc-alcx?

31/-1+ax V1+ax PolylLog|3, e2ArcCoshiax]|
2acy/c-atcx?
Result (type 4, 212leaves):

-l+ax -l+ax
|1 (1+ax) -8axArcCosh[ax]®-8 (1+ax) ArcCosh[ax]?+

l+ax 1+ax
-l+ax

24 (1+ax) ArcCosh[ax]? Log[1 - e?Arecoshiax] ],
l+ax
-l1+ax

24 (1+ax) ArcCosh[ax] PolylLog|2, e?Arccoshlax] ] _
l1+ax
-l1+ax

12 (1+ax) PolylLog|3, e?Arccoshiax] | /(Sac\/fc (-1+ax) (1+ax)
l1+ax

Problem 251: Result unnecessarily involves imaginary or complex numbers.
ArcCosh[ax]3
J— dx

(c—azcxz)s/2

Optimal (type 4, 428 leaves, 12 steps):

| 73
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xArcCosh[ax] +/-1+ax v1+ax ArcCosh[ax]? 2xArcCosh[ax]3
+

- + +
c2+/c-a%cx? 2ac2(1—a2x2)\/c—a2cx2 3c2+v/c-a?cx?
x ArcCosh[a x]3 2+/-1+ax \/1+ax ArcCosh[ax]3
. _

3c2(1-ax) (1+ax)m 3ac2\/c-aZcx?
2+/-1+ax V1+ax ArcCosh[ax]2Log[1l-e?ArcCoshiax] ] /_1,ax v/1+ax Log[l-a?x?]
+
ac2\/c-acx? 2ac?/c-aZcx?
2+/-1+ax V/1+ax ArcCosh[ax] PolyLog[2, e?ArcCoshiax] ]
ac2Vc-alcx®
V-1+ax V1+ax Polylog[3, e?Arccoshiax]]
ac/c-atcx®
Result (type 4, 258 leaves):

12ax | 2% ApcCosh[a x]
3 1rax 6 ArcCosh[a x]?
N

-l1+ax )
_— 1+ax) -1 - +
l+ax -l+ax 1-a%x?

+

-l+ax 3 3/2
8ax |7, ArcCoshlax]” ,. (—’11*”) ArcCosh[ax]3
+a X

8 ArcCosh[ax]3+ -
-l+ax (-1+ax)?

-l+ax
24 ArcCosh[ax]? Log[1 - e2Arccoshiax] | 1 12 1 og[ | ———— (1+ax)] -24ArcCosh[ax]

1+ax

PolyLog[2, e?Arccoshlax ] 4 17 polylLog|3, e?Arccoshiax] ] / (12 ac?\/c-a’cx?

Problem 252: Result unnecessarily involves imaginary or complex numbers.

ArcCosh[ax]3
j— dx

(cfazcxz)”2

Optimal (type 4, 637 leaves, 18 steps):
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V-1+ax V1l+ax x ArcCosh[a x] x ArcCosh[a x]

+

20ac3’(1—a2x2)\/c—a2cx2 c3Vc-atcx? 10c3(1—ax) (1+ax)\/c—a2cx2

3v-1+ax V1+ax ArcCosh[ax]? 2+/-1+ax /1+ax ArcCosh[ax]?
+

8 x ArcCosh[a x]?

N
20ac3 <1—a2x2)2\/c—a2cx2 5ac3 (l—azxz) Ve-a?cx?

x ArcCosh[ax]?3 4 x ArcCosh[ax]?
+ +

5¢c3 (1—ax)2 (1+ax)2\/c—a2cx2 15¢3 (1—ax) (1+ax) Ve-a2cx?

8+/-1+ax \/1+ax ArcCosh[ax]3 8+ -1+ax /1+ax ArcCoshlax]?Log[1 - e?Arccoshiax]]

15c3+vc-a?cx?

+

15ac3+c-a?cx? 5ac3+c-a?cx?

V-1+ax v/1+ax Log[1-a2x?] 8+/-1+ax /1+ax ArcCosh[ax] PolylLog|2, e?Arccoshiax]]|

+

2ac3\/c-a%cx? 5ac3/c-a?cx?

4~/-1+ax V/1+ax PolylLog|3, e2Arccoshiax]]

2 2

5ac3Vc-a

cX

Result (type 4, 363 leaves):

1 -1l+ax

60ac3+c-a?cx?

-l+ax 3/2
3 60.ax \| 1rax ArcCosh[ax] 6ax (—’1*“ ) ArcCosh
3 1+a x

1+ax)
l1+ax

[aX]

41+ + -
1-a2x? -1l+ax (—1+ax)3

32ax | 2% ApcCosh[ax]3
l+ax
3

9 ArcCosh[ax]2 24 ArcCosh[ax]?
+ -32ArcCosh[ax]”’ -

(—1+a2x2)2 -1+a%2x? -l+ax

-l+ax 3
3/2 —1+ax
16ax(‘11+¢) ArcCosh[ax]3 12ax | =% ArcCosh[ax]
+a X

(“1+ax)? C (f1vax)? (1+ax)? '

96 ArcCosh[ax]? Log[1 - e?Arccoshlax] | _ 6@ Log]| “trax (1+ax)]+

l+ax

96 ArcCosh[a x] Polylog|2, e?Arecoshiax] | _ 48 polylLog|3, e?Arccosh(ax] ]
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Problem 336: Attempted integration timed out after 120 seconds.
f ViZed
X3

a+bArcCosh[cx])

dx
2

Optimal (type 8, 68leaves, 1 step):
/1—C2 X2 Int[ -1l+cx 1+cx s X}

x3 (a+b ArcCosh[c x])?

\/—1+cx \/1+cx

Result (type 1, 1leaves):

?P?

Problem 337: Attempted integration timed out after 120 seconds.
x4 (

a+bArcCosh[cx])

dx
2

Optimal (type 8, 68leaves, 1 step):
/1 _ C2 X2 Int[ -1l+cx 1+cx s X}

x* (a+b ArcCosh[c x])?

\/—1+cx \/1+cx

Result (type 1, 1leaves):

PP

Problem 344: Attempted integration timed out after 120 seconds.
2 ,2\3/2
J (1-c2x?) ax

x3 (a+bArcCosh[cx] )2

Optimal (type 8, 69 leaves, 1step):
mlnt[ (“1+cx)¥/2 (11cx)3/? x]

x3 (a+b ArcCosh[cx])2’

V-1+cx V1l+cx

Result (type 1, 1leaves):

PP

Problem 345: Attempted integration timed out after 120 seconds.
2,2\ 3/2
J (1-c2x?) ix
x4 ( 2

a+bArcCosh[cx])

Optimal (type 8, 127 leaves, 2 steps):



Mathematica 11.3 Integration Test Results for 7.2.4a (f x)~m (d-c~2 d x~2)~p (a+b arccosh(c x))”~n.nb | 77

(1_CX)2(1+CX>3/2 1-c2x? 4\/H72>(21nt[ -1+ ),X}

x° (a+b ArcCosh[c x]

bcx*V/-1+cx (a+bArcCosh[cx]) bcv-1+cx V/1+cx

Result (type 1, 1leaves):

2P

Problem 346: Attempted integration timed out after 120 seconds.

dx

(1-c2 x2)3/2
st (a+bArcCosh[cx] )2

Optimal (type 8, 69 leaves, 1step):
m Int [ (-1+cx)3/? (1+cx)3/'22 ) x]

x° (a+bArcCosh[cx])

V-l+cx V1+cx

Result (type 1, 1leaves):

e

Problem 352: Attempted integration timed out after 120 seconds.
5/2
J (l—c2 xz) ix
x2 (

a+bArcCosh[cx] )2

Optimal (type 8, 195leaves, 2 steps):
(1-cx)? (1+cx)>2y/1-c2x?
bex?+/-1+cx (a+bArcCosh[cx])
231 Ine| LR ) gcyao e Ly

x> (a+b ArcCosh[c x] X (a+b ArcCosh[c x])

+

+

bcv-1+cx VJ1+cx bv-1+cx V1+cx

Result (type 1, 1leaves):

2P

Problem 353: Attempted integration timed out after 120 seconds.
2 ,2\5/2
J (1-c2x?) ix

x* (a+bArcCosh[cx] )2

Optimal (type 8, 68 leaves, 1step):
m Int[ (~1+cx)%? (1+c X)s/zz ) x}

x3 (a+b ArcCosh[c x])

V-1+cx V1+cx
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Result (type 1, 1leaves):

2?7

Problem 354: Attempted integration timed out after 120 seconds.
2.,2\5/2
J (1 -Cc X ) dx
x* |

a+bArcCosh[cx] )2

Optimal (type 8, 68 leaves, 1step):
VI 2@ Int|Lheextecn®?

x* (a+bArcCosh[cx])2’

\/—1+cx \/1+cx

Result (type 1, 1leaves):

2P
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Summary of Integration Test Results

453 integration problems

A - 414 optimal antiderivatives

B - 9 more than twice size of optimal antiderivatives
C - 8 unnecessarily complex antiderivatives

D - 14 unable tointegrate problems

E - 8integration timeouts



